ABSTRACT The spatial randomness of nanomachines and propagation time of molecules play an essential role for determining the quality of molecular communication between nanomachines. In this study, we introduce a connectivity model in which the connection between a transmit nanomachine (TN), which is randomly distributed in space, and a receive nanomachine (RN) is achieved when a molecule emitted from the TN arrives at the RN within a time constraint. In particular, this time constraint is modeled as a random lifetime to explain the dissipation phenomenon of molecules in a medium or the random arrival time of interfering molecules. Then, we characterize the local connectivity of the RN in terms of the in-degree by averaging over the spatial randomness of nanomachines and the random first passage time of molecules, which is governed by an anomalous diffusion law.
I. INTRODUCTION
Molecular communication is a promising paradigm to establish nanonetworks via interconnections between nanomachines for various applications in drug delivery systems, healthcare systems, nano-materials, and nano-machinery [1] , [2] . Because of their potential applications, a number of studies have focused on molecular communication systems, which has led to the integration of nanotechnology into nanonetworks [3] - [8] . It has been shown that the performance of molecular communication systems highly depends on the propagation time of molecules since their movements are very slow in general and stochastic [9] . Furthermore, the spatial randomness of nanomachines caused by their movement in a fluid medium directly determines the quality of communicating links [10] .
A connection between a transmitter and a receiver in normal diffusion and subdiffusion channels has been considered by introducing a signal-to-noise ratio defined by the molecule concentration at the receiver using the uniform square grid topology [11] . Furthermore, the connectivity in
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Poisson fields of nanomachines over a normal diffusion channel has been studied in [12] . However, although several studies have examined the concept of connectivity in a nanonetwork for molecular communication, the connectivity considering the intrinsic nature of diffusion process of molecules and the spatial randomness of nanomachines in the heterogeneous fluid medium has not been fully explored.
Diffusion is characterized by the mean square displacement (MSD) of molecules, which does not increase linearly with time in anomalous diffusion [13] . This extraordinary diffusion phenomenon can be observed in the crowded, heterogeneous, and complex structure environments [13] - [15] . In particular, subdiffusion, in which the increase in MSD is slower than that for normal diffusion in time [4] , [5] , is extensively observed in nanomachines composed of biological cells [13] , [14] and in aqueous propagation mediums [15] . Furthermore, the nonlinear channel response has been observed in an experimental platform of molecular communication [16] . Superdiffusion, which can be observed in bacterial motions [17] , [18] , was explored in [19] . The MSD of molecules with superdiffusion increases more rapidly than that for the normal diffusion. Therefore, the anomalous diffusion channel model is essential for capturing the extraordinary diffusion phenomenon caused by the intrinsic nature of the medium for molecular communication [4] , [5] , [15] .
Recently, mobile molecular communication systems in which the transmit nanomachines (TNs) and/or receive nanomachines (RNs) are diffusing or moving in a medium have attracted considerable attention from researchers [20] - [24] . To model the mobility of nanomachines, a random walk model was proposed in [20] . A simple statistical channel model known as the time-variant channel, in which the new position of nanomachines is randomly increased independently and identically in each time-slot, has been studied in [21] , [22] . By adopting an information-theoretical approach, mutual information and maximum achievable rate were presented in [23] in the presence of inter-symbolinterference (ISI). Furthermore, a detection scheme to mitigate the degradation caused by the ISI and the mobility of nanomachines was investigated in [24] . However, despite various attempts to realize molecular communication systems, anomalous diffusion channel model for the heterogeneous propagation of emitted molecules and random locations of molecules caused by the mobility of nanomachines simultaneously, has not been considered.
In this study, we develop a connectivity model for molecular communication. In particular, we consider the spatial randomness of nanomachines to account for random distances between TNs and a typical RN, as well as anomalous diffusion of molecules to account for the random propagation time of emitted molecules. The primary contributions of this paper are as follows: i) we introduce a notion of connectivity that can be established over nanonetworks with a random time constraint; ii) we analyze the local connectivity of the typical RN on a line in terms of the in-degree (the number of TNs connected to the RN); and iii) we investigate the effect of random time constraints on the connectivity along with the life expectancy of molecules to account for the dissipation phenomenon of molecules, as well as the arrival time of interfering molecules (IMs) to account for reliable connections between TNs and the RN.
In what follows, we shall adopt the notation that random variables are displayed in sans serif, upright fonts. We provide a glossary of the notations and symbols that have used in the paper in Appendix A.
II. NETWORK AND SYSTEM MODELS
We consider a one-dimensional nanonetwork (see Fig. 1 ) in which the RN is deterministically located at the origin, while TNs are randomly located on a line at the reference time. This setup can be used for multiple access communication on a microfluidic chip and molecular communication on bio-chips with timing channel (see [9] , [12] , [25] , [26] , and references therein).
A. SPATIAL NANOMACHINE DISTRIBUTIONS
The TNs are assumed to be distributed according to a Poisson point process (PPP), (λ x ) (or simply x ) in R, where λ x is the spatial density of TNs. Let L (ω) ⊂ R (or simply L ω ) be a Borel set [−ω, ω] of R. Then, with the spatial density λ x , the probability that k TNs in L ω belong to a homogeneous PPP x , is given by
B. ANOMALOUS DIFFUSION
We assume that the molecules emitted from TNs are propagated in the medium via diffusion. The movements of each molecule are independent and identically distributed. In particular, we consider a one-dimensional (α, β)-anomalous diffusion based on the symmetric spacetime fractional derivative diffusion equation [5, eq. (8) ]
where a solution, w (x, t), is a function that represents the probability density of the molecule location x at the given time t; K is the diffusion coefficient; and 0 < α ≤ 2 and 0 < β ≤ 1 are related to the divergence of the jump length and the waiting time, respectively. In Appendix B, we provide the general solution of the space-time fractional diffusion equation with the nonlinear term and the H -representation theory of space-time fractional diffusion. We assume that w (x, t) satisfies the boundary conditions, w (±∞, t) = 0 for t > 0, and the initial condition w (x, 0) = δ (0). Then, the fundamental solution w (x, t) for α ≥ β can be found in terms of the Fox's H -function as follows [4] , [19] w
Note that (α, β)-anomalous diffusion can encompass subdiffusion (2β/α < 1), superdiffusion (2β/α > 1), and normal diffusion (α = 2, β = 1) depending on the MSD in the asymptotic limit of a large t as x 2 ∝ t 2β/α , where 2β/α is called a diffusion exponent. 1 
C. FIRST PASSAGE TIME
We assume that the release time of molecules is perfectly controlled and synchronized between TNs and the RN [28] - [34] ; and each TN can use different types of molecules, which can be distinguished by the RN [5] , [12] . 2 Let t be a first passage time (FPT), which is defined such that the molecule reaches the RN for the first time. With the absorbing boundaries at x = ±∞ and x = 0, the FPT of the molecule emitted from the TN located at x in (α, β)-anomalous diffusion is the H -variate [4, eq. (4)]:
where P P P |· denotes the scaling operation [35, Property 2] , and the parameter sequence P P P x is given by
. (5) 2 The problem of synchronization between nanomachines has been investigated by leveraging the behavior of the individual cells via inter-cell signaling [31] ; and the blind synchronization algorithm has been proposed to estimate the channel delay in diffusion-based molecular communication systems [32] . A synchronization scheme using a molecular clock for a mobile nanomachine is proposed in [33] , while optimal and suboptimal symbol synchronization schemes without the molecular clock are proposed in [34] . Note that synchronization among TNs is not necessary for this study because the FPT of the molecules emitted from the th nearest TN depends only on the location of the TN [8] .
Note that the FPT in (4) for the normal diffusion (α = 2, β = 1) has the following probability density function (PDF):
which is a Lévy distribution [15] . Note that the FPT in a two-dimensional space is known only in an asymptotic long-time limit [36] . For example, the FPT for a special geometry on a planar wedge domain in the two-dimensional space was studied in [37] and [38] . In the context of molecular communication, the FPT, often referred to as a first hitting time, of molecules with Brownian motion has been investigated in a three-dimensional space [39] .
To exemplify the different type of diffusion scenarios, we consider: i) (α, β) = (2, 1) for normal diffusion; ii) (α, β) = (2, 0.5) for subdiffusion; and iii) (α, β) = (1.8, 1) for superdiffusion. 
Note that the cumulative distribution function (CDF) is depicted for the normal diffusion (α, β) = (2, 1); subdiffusion (α, β) = (2, 0.5); and superdiffusion (α, β) = (1.8, 1). From Fig. 3 , it is apparent that the molecule (located at x = 1.5 × 10 −5 [m]) in subdiffusion has a high probability to reach the RN in short time ranges, while it has a smaller probability than the normal diffusion in long time ranges when the diffusion coefficient K = 10 −10 [m 2 /s]. As shown in Fig 4, the molecule in superdiffusion is most spread out with the large value of diffusion coefficient K (see also Fig. 2 ).
III. t -CONNECTIVITY ANALYSIS
Since nanomachines are moving (or diffusing) in a medium, the spatial location of TNs at the reference time can be modeled stochastically. We begin by introducing a t -connectivity graph, which is a convenient mathematical representation of connected links established by capturing the spatial randomness of TNs in nanonetworks.
Definition 1 (t -Connectivity Graph on L ω ):
The t -connectivity graph on L ω in the spatial field x of TNs is defined as the directed random graph G (L ω ) = { x , } with the vertex set x and the edge set
where t x is the first passage time of the molecule emitted from the TN at x ∈ x on L ω .
Definition 2 (In-Degree of t -Connectivity):
The in-degree of the RN in the directed graph G (L ω ), denoted by n (L ω |t ), is defined as the cardinality of the edge set or equivalently
Remark 1: The in-degree of a graph can explain how many TNs can connect to the RN via molecules within the random time t . For example, the number of arrival molecules emitted from the TN can be used as a resource for the detection and decoding of transmitted signals [4] , [6] , [28] . Furthermore, it can be used as co-channel interference avoidance techniques by measuring the number of arrival IMs at the RN [5] , [28] .
Because the t -connectivity is defined as a random graph, the in-degree of the RN is a random variable. 3 Now, we provide a closed-form expression of the in-degree of t -connectivity in a Poisson field of TNs in the sense of averaging over the spatial randomness and the random FPT caused by anomalous diffusion of molecules for a general analysis framework. , a a a, b b b, A A A, B B B . Then, the average in-degree of the RN, denoted by n (L ω ) , in a Poisson field
Theorem 1 (In-Degree in a Poisson Field of TNs):
where the parameter sequence P P P n is given by
with
Proof: By using the law of total expectation, we obtain
4,4 ωt −β/α ; P P P e P P P x (12) where (a) follows from Campbell's theorem [40] , [41] ; (b) is obtained from the CDF of the H -function [35, eq. (86)], and P P P x is given bŷ
and (c) is obtained using the following Euler transform of the
p+1,q+1 (ω; P P P e P P P )
where denotes the convolution operation on the two parameter sequences [35, Proposition 5] , and P P P e is given by
For t ∼ H m,n p,q (P P P ), the in-degree n (L ω ) is obtained in terms of H -transform as follows:
4,4 H m,n p,q (t; P P P ); 1, α β , 0 P P P e P P P x
where ·, ·, ·| P P P and P P P 
Remark 2 (Limiting Cases of In-Degree):
The average in-degree n (L ω ) is proportional to the spatial density λ x of TNs. As t → ∞, the in-degree of the RN approaches to
as expected. It reveals that all TNs on L ω can be connected to the RN with a long waiting time. In the infinite region L ∞ with the random time constraint t ∼ H m,n p,q (P P P ), for α = 2, we have 4
Remark 3 (In-Isolation Probability in a Poisson Field of TNs):
The in-isolation probability of the RN in the graph G (L ω ) = { x , } occurs if no TN in L ω is connected to the RN or the edge set is empty. The in-isolation probability of t -connectivity, denoted by P (L ω ), in a Poisson field x (λ x ) of TNs in (α, β)-anomalous diffusion is given by
where the last equality follows from the probability generating functional of the PPP [41, Definition A.5]. Then, again using the Euler transform of the H -function, we have
4,4 ωt −β/α ; P P P e P P P x ; P P P (1) .
IV. RANDOM TIME CONSTRAINT t
The random time constraint t accounts for the connectivity constraint of TNs. In this section, we discuss the connectivity of the RN with the statistical choice of t .
A. LIFE EXPECTANCY OF MOLECULES
Molecules have a life expectancy in a medium where molecules are immediately dissipated after a short time. In the context of molecular communication, such life expectancy is often modeled as an exponential distribution [28] . To connect the effect of the life expectancy to the connectivity, we consider that the random time constraint t ,ζ , which is distributed as follows: where ζ > 0 is the degradation parameter. In this case, t ,ζ represents the lifetime of molecules, which is characterized by the degradation parameter ζ . The small ζ represents a long lifetime molecules while the large ζ represents a short lifetime of molecules. The TN located at x can be connected with the RN if t x < t ,ζ ; hence, the in-degree can explain how many TNs can connect to the RN via a molecule before dissipation. The average in-degree n (L ω ) ζ of the RN in a Poisson field x (λ x ) of TNs with the time constraint t ,ζ in (α, β)-anomalous diffusion is given by
where P P P ζ is given in (23) , as shown at the bottom of this page.
Observe that for α = 2, we have , λ x = 10 6 , and t ,ζ is given by (21) . As expected, n (L ω ) ζ monotonically decreases with the degradation parameter (short time constraint). In this example, the superdiffusion of molecules causes significant degradation of the in-degree of the connectivity as ζ increases. This is attributed to the fact that superdiffusive molecules spread out slowly compared to the other diffusion FIGURE 6. In-degree n (Lω) ζ as a function of ω for normal diffusion (α, β) = 2, 1 ; subdiffusion (α, β) = 2, 0.5 ; and superdiffusion (α, β) = 1.8, 1 when K = 10 −10 [m/s], ζ = 0.5, 1.5, λ x = 10 6 and t ,ζ is given by (21) .
scenarios as observed in Fig. 3 . It is also noteworthy that the subdiffusion of molecules causes rapid degradation of the in-degree of the connectivity for ζ < 1 while higher connections are obtained between TNs and the RN for ζ > 1 compare to the normal diffusion of molecules since the subdiffusive molecules spread out slowly compared to the normal diffusion of molecules in long time ranges (see also Fig. 3 ). Fig. 6 shows the in-degree n (L ω ) ζ as a function of ω for normal diffusion (α, β) = (2, 1); subdiffusion (α, β) = (2, 0.5); and superdiffusion (α, β) = (1.8, 1) when K = 10 −10 [m/s], ζ = 0.5, 1.5, λ x = 10 6 and t ,ζ is given by (21) . We can see that as ω increases, n (L ω ) ζ are monotonically increasing until they reach their limits. For example, the maximum average in-degrees when ζ = 0.5 are equal to 28.28 for normal diffusion (α = 2, β = 1) and 23.78 for subdiffusion (α = 2, β = 0.5), respectively.
B. POISSON FIELD OF INTERFERING MOLECULES
We consider that IMs which may originate from natural sources, coexisted in the network based on the PPP y λ y , which is independent of x . Furthermore, we assume that these IMs cannot be discriminated against molecules emitted from the TNs at the RN [5] . Then, the random distance between the th nearest IM and the RN, denoted by |y |, is given by 5
5 |y | is a th-order Erlang distribution with the hazard rate of 2λ y [44] . (23) and its FPT t , can be obtained using [5, Theorem 1] as
The IMs affect the reliable connection between TNs and the RN; moreover, it has been shown that the significant error rate performance degradation is caused by IMs [5] . The use of random arriving time t , of IMs as the random time constraint shows how the reliable connections between TNs and the RN vary with the spatial randomness of the th nearest IM. The reliable connection will fail if the th nearest IM arrives at the RN before the molecule emitted from the TN. In the presence of a Poisson field y λ y of IMs, the average in-degree n (L ω ) of the RN in a Poisson field x (λ x ) of TNs with the time constraint t , in (α, β)-anomalous diffusion is given by
7,8 2ωλ y ;P P P (27) where the parameter sequenceP P P is given in (28) , as shown at the bottom of the previous page. Fig. 7 shows the in-degree n (L ω ) for normal diffusion (α = 2, β = 1), subdiffusion (α = 2, β = 0.5), and superdiffusion (α = 1.8, β = 1) with K = 10 −10 [m 2 /s], λ x = 10 6 , ω = 3 × 10 −5 [m] when λ y = 10 4 , 10 4.5 , and 10 5 . It is apparent that the high density of IMs in the network (and/or time constraint determined by the closest IM) degrades the number of connections between TNs and the RN. In this example, different diffusion scenarios have no significant effects on the connectivity. However, it is noteworthy that, the subdiffusion scenario slightly outperformed other diffusion scenarios under the time constraint determined by the nearest IM when λ y = 10 5 (high density of IMs) since the subdiffusive molecules most spread out in short time ranges as observed in Fig. 2(a) and Fig. 3 .
V. CONCLUSION
In this study, we investigated the effects of random time constraints on the connectivity in molecular communication with anomalous diffusion by introducing the random connectivity graph model. The local connectivity has been studied in terms of the in-degree, which can serve as the network performance parameter to quantify the number of reliable connections between TNs and the RN. It was shown that, in a biological environment, the high degree of connectivity can be achieved in normal diffusion with the long time constraint while the subdiffusion scenario outperformed other diffusion scenarios with the short time constraint. It is expected that the connectivity in superdiffusion will increase as the diffusion coefficient increases. This study can be further extended to the high-dimensional molecular communication systems and/or improve the reliable connection between nanomachines using multiple molecules.
APPENDIX A NOTATION AND SYMBOLS

R
Real numbers Z +
Nonnegative integers 1 {·}
Indicator function 1 n All-one sequence or vector of n elements E {·} Expectation operator P {·} Probability measure
Exponential distribution with mean 1/λ:
Fox's H -function [35] : H m,n p,q (x; P P P )
where the parameter sequence is H m,n p,q {f (t) ; P P P } (s) with the set of parameters satisfying a distributional structure such that p x (x) ≥ 0 for all x ∈ R + and H m,n p,q {1; P P P } (1) = 1
APPENDIX B H -REPRESENTATION THEORY OF SPACE-TIME FRACTIONAL DIFFUSION
As an extension of the standard diffusion equation, the general space-time fractional diffusion equation (ST-FDE) can be expressed as
where w (x, t) is the fundamental solution with x ∈ R, t ∈ R + ; K ∈ R + is the diffusion coefficient; (x, t) is a nonlinear function belonging to the area of reaction-diffusion; and the real parameters α, β, and θ are restricted to the ranges: 0 < α ≤ 2, 0 < β ≤ 2, and |θ | ≤ min (α, 2 − α), respectively. By introducing integro-differential operators-RieszFeller space-fractional derivative of order α and asymmetry (skewness) θ , x D α θ w (x, t), and the Caputo time-fractional derivative of order β, t D β * w (x, t), the general ST-FDE in (29) can be written as
It was unveiled that the Fourier transform of the Riesz-Feller space-fractional derivative turns out to be defined by
where ψ θ α (k) = |k| α e ı π 2 θ sign(k) is the logarithm of the characteristic function of a strictly stable distribution. Note that the Laplace transform of the Caputo time-fractional derivative of order β can be defined by
for m − 1 < β ≤ m. Using the initial and boundary 6 The operation w t (x, 0) denotes the first partial derivative of w (x, t) with respect to t evaluated at t = 0. the solution of the general ST-FDE in (30) is given by [47] w (x, t)
Consider a ST-FDE without a reaction-diffusion term
Then, the solution of (35) with the boundary conditions w θ α,β (±∞, t) = 0 for t > 0, and an initial condition w θ α,β (x, 0) = δ (x) can be expressed in terms of the Mellin-Barnes type integral representation for x > 0 as follows:
where 0 < γ < min {α, 1} and |θ | ≤ 2 − β. Observe that we can restrict our attention to x > 0 because the symmetry relation w θ α,β (−x, t) = w −θ α,β (x, t) holds. To avoid the singularity of the Fox's H -function at x = 0 for α < β and at x → ∞ for α ≥ β, the H -representation for the fundamental solution w θ α,β (x, t) is divided into two cases:
where the parameter sequence P P P stf is
and θ x = θ sign (x). 7 7 The fundamental solution is allowed by an integral formula:
We can particularize the special cases of the solution for ST-FDE in (37) as follows:
• Standard diffusion (α = 2, β = 1, θ → 0): In this case, the solution (37) (40) where the parameter sequence P P P s is P P P s = 
In particular, when the diffusion coefficient K = 1/2, the solution (40) can be reduced to
which is the Gaussian distribution that appeared in the Wiener process.
• Space fractional diffusion (0 < α ≤ 2, β = 1, |θ| ≤ min {α, 2 − α}): In this case, the solution (37) can be reduced to 
for 0 < α < 1, |θ | ≤ α, where the parameter sequence P P P sf is 
Note that the function H 1,1 2,2 |x| t 1/α ; P P P sf is the PDF of a strictly stable distribution.
• Time fractional diffusion (α = 2, 0 < β ≤ 2, θ → 0):
In this case, the solution (37) can be reduced to w 0 2,β (x, t) = t −β/2 H 1,0 1,1 |x| t β/2 ; P P P tf K β/2 (47) which is the PDF of a stretched exponential distribution where the parameter sequence P P P tf is P P P tf = 
where G θ α,β (x, t) is the Green function. For 1 < β ≤ 2, the second initial condition of type (w θ α,β ) t (x, t) is required such that two Green functions can be obtained from the initial conditions: w θ α,β (x; 0) = δ (x), (w θ α,β ) t (x, t) = 0 and w θ α,β (x; 0) = 0, (w θ α,β ) t (x, t) = δ (x). When 0 < β ≤ 1 with the initial condition w θ α,β (x; 0) = δ (x), the fundamental solution w θ α,β (x, t) coincides with the Green function G θ α,β (x, t).
• Neutral fractional diffusion (0 < α = β < 2, |θ | ≤ min {α, 2 − α}): In this case, the solution (37) can be reduced to which is the PDF of the fractional generalized Cauchy distribution where θ α = (π/2) (α − θ x ).
